Abstract. We give a fixed point theorem for complete fuzzy metric space which generalizes fuzzy Banach contraction theorems established by V. Gregori and A. Spena [Fuzzy Sets and Systems 125 (2002), 245-252] using notion of altering distance, initiated by Khan et al. [Bull. Austral. Math. Soc. 30 (1984), 1-9] in metric spaces.
Introduction
Unless mentioned or defined otherwise, for all terminology and notation in this paper, the reader is referred to [2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 15] .
Kramosil and Michalek [12] introduced fuzzy metric space, George and Veermani [8] modified the notion of fuzzy metric spaces with the help of continuous t-norms. George and Veeramani [8] imposed some stronger conditions on the fuzzy metric space in order to obtain a Hausdorff topology. The aim of this paper is to generalize the Banach fixed point theorem to (fuzzy) contractive mappings on complete fuzzy metric spaces in George and Veeramani sense using concept of alternating distance.
Preliminaries
In what follows, we collect some relevant definitions, results, examples for our further use. Schweizer and Sklar [15] ) is a binary operation T on [0, 1] satisfying the following conditions:
Definition 2.2. A continuous t-norm (in sense of
• T is commutative and associative;
• T (a, 1) = a for all a ∈ [0, 1];
Definition 2.3. A fuzzy metric space (in sense of Kramosil and Michalek [12] ) is a triple (X, M, * ), where X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X 2 × [0, ∞) such that the following axioms hold:
• M (x, y, 0) = 0 (x, y ∈ X);
• M (x, y, t) = 1 for all t > 0 if and only if x = y;
for all x, y, z ∈ X and s, t > 0.
We will refer to these spaces as KM-fuzzy metric spaces. To obtain a Hausdorff topology on the fuzzy metric space, the authors gave the following definitions in [8] .
Definition 2.4. A fuzzy metric space (in sense of George and Veeramani [8] ) is a triple (X, M, * ), where X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X 2 × (0, ∞) such that the following axioms hold:
Notice that condition (last), is a fuzzy version of triangular inequality. The value M (x, y, t) can be thought of as degree of nearness between x and y with respect to t and from axiom (second), we can relate the value 0 and 1 of a fuzzy metric to the notions of ∞ and 0 of classical metric respectively. Definition 2.5 (George and Veeramani [8] ). Let (X, M, * ) be a fuzzy metric space. The open ball B(x, r, t) for t > 0 with centre x ∈ X and radius r, 0 < r < 1, is defined as B(x, r, t) = {y ∈ X : M (x, y, t) > 1 − r}. The family {B(x, r, t) : x ∈ X; 0 < r < 1, t > 0} is a neighborhood system for a Hausdorff topology on X, that we call induced by the fuzzy metric M . Definition 2.6 (George and Veeramani [8] ). In a metric space (X, d) the 3-
t+d(x,y) and a * b = ab, is a fuzzy metric space. This M d is called the standard fuzzy metric induced by d. The topologies generated by the standard fuzzy metric and the corresponding metric are the same.
Definition 2.7 (George and Veeramani [8])
. A sequence {x n } in a fuzzy metric space (X, M, * ) is a Cauchy sequence if and only if for each ǫ ∈ (0, 1) and each t > 0 there exists n 0 ∈ N such that M (x n , x m , t) > 1 − ǫ for all n, m ≥ n 0 . A fuzzy metric space in which every Cauchy sequence is convergent is called a complete fuzzy metric space. Definition 2.8 (G-Cauchy sequence [5, 6] ). A sequence {x n } in a fuzzy metric space (X, M, * ) is called a G-Cauchy if lim n→∞ M (x n , x n+m , t) = 1 for each m ∈ N and t > 0.
We call a fuzzy metric space (X, M, * ) is G-complete if every G-Cauchy sequence in X is convergent. It follows immediately that a Cauchy sequence is a G-Cauchy sequence. The converse is not always true, this has been established by an example in [16] .
The following concept of convergence was introduced in fuzzy metric spaces by Mihet [14] .
Theorem 2.1 (George and Veeramani [8] ). A sequence {x n } in a fuzzy metric space (X, M, * ) converges to x if and only if M (x n , x, t) → 1 as n → ∞.
V. Gregori and A. Sapena [10] established fixed point theorem for following type fuzzy contractive mappings.
Definition 2.9. Let (X, M, * ) be a fuzzy metric space. We will say the mapping f : X × X is fuzzy contractive if there exists k ∈ (0, 1) such that
for each x, y ∈ X and t > 0 (k is called the contractive constant of f ).
Definition 2.10 (Altering distance function [11] ). An altering distance function or control function is a function ψ : [0, ∞) → [0, ∞) such that the following axioms hold:
• ψ is monotonic increasing and continuous;
• ψ(t) = 0 if and only if t = 0.
In 1984 using the altering distance function Khan et al. [11] proved the following result.
Theorem 2.2 ([11]
). Let (X, d) be a complete metric space, ψ be an altering distance function and let f : X → X be a self mapping which satisfies the following inequality ψ(d(f x, f y)) ≤ cψ(d(x, y)) for all x, y ∈ X and for some 0 < c < 1. Then f has a unique fixed point. Definition 2.11. A function φ : R → R + is said to satisfy the condition * if the following axioms hold:
• φ(t) = 0 if and only if t = 0;
• φ(t) is increasing and φ(t) → ∞ as t → ∞;
• φ is left continuous in (0, ∞);
• φ is continuous at 0.
In this connection B. S. Choudhury et al. [4] have been studied the fixed point results in Menger Space, for more details see in [3, 5, 6] . Recently C. T. Aage and B. S. Choudhury [1] has proved the following result. Theorem 2.3. Let (X, M, T ) be a fuzzy metric space in the sense of George and Veeramani and sup 0=a<1 T (a, a) = 1 and the self mapping f : X → X satisfy M (f x, f y, f (t)) ≥ M (x, y, φ( t c )), where 0 < c < 1, x, y ∈ X and t > 0 and φ satisfies * condition. Suppose that for some x 0 ∈ X the sequence of {f n x 0 } has a p-convergent subsequence. Then f has a unique fixed point.
Recently, C. T. Aage and J. N. Salunke [2] proved existence and uniqueness of fixed point in fuzzy metric space using the following contraction
In this manuscript, we generalize contractive condition (2.1) using alternating distance and establish a fixed point theorem in G-complete fuzzy metric space in the sense of George and Veeramani.
Main theorem
Theorem 3.1. Let (X, M, * ) be a G-complete fuzzy metric space and f, T : X → X be two self mappings satisfying i) T X ⊆ f X;
ii) The functions ψ, α : [0, 1) → [0, 1) are continuous, monotonically increasing with ψ(0) = 0 = α(0) and t − α(t) + ψ(t) > 0, also (α − ψ) n (a n ) → 0, whenever a n → 0 as n → ∞; iii) M (f x, f y, φ(t)) > 0 ∀ t > 0 where the function φ satisfies Definition 2.11. Also the contraction with above three conditions
holds for all x, y ∈ X, t > 0, 0 < c < 1.
If f X is a G-complete subspace of X and the mapping (f, T ) are weakly compatible, then f and T have a unique common fixed point.
Proof. Let x 0 be any point in X, we define two sequences {y n } and {x n } such that y n = T x n = f x n+1 , we claim that {y n } is a Cauchy sequence.
Assume that, if possible, for some n the following is true 1
On substituting x = x n , y = x n+1 in (3.2) we get,
Using the above assumption the contraction becomes
However, t − α(t) + ψ(t) > 0, which is contrary to our assumption. Thus, ∀ n
Again, we assume that {y n } = {y n+1 } ∀ n. By virtue of the properties of φ, we can find a t > 0 such that M (f x 1 , f x 2 , φ(t)) > 0. Therefore using (3.2) we get
on, using (3.3) the expression becomes
Again, by using (3.3) the equation turns out to be
Repeating the above process n times ones obtain
Since condition (iii) implies that M (f x 2 , f x 3 , φ(ct)) > 0 then following the above process we have
Continuing the above process r times, we have for n > r
n (a n ) → 0, whenever a n → 0 as n → ∞, therefore for all r > 0 (3.10) M (y n−1 , y n , φ(c r t)) → 1 as n → ∞.
Let ǫ > 0 be given, then by using properties of φ we can find r > 0 such that φ(c r t) < ǫ. It follows from (3.10) that M (y n−1 , y n , ǫ) → 1 as n → ∞, or (3.11) M (y n , y n+1 , ǫ) → 1 as n → ∞.
By using triangular inequality, we have
Taking n → ∞ in above triangular inequality and using (3.11) for any integer p, we have M (y n , y n+p , ǫ) → 1, which implies that {y n } is a G-Cauchy sequence. As (X, M, * ) is G-complete, the sequence {y n } is convergent and hence there exists z ∈ X such that y n → z as n → ∞, i.e., y n = T x n = f x n+1 → z. Let v ∈ X such that f v = z, now we will show v is a coincidence point of f and T . Towards this, it is enough to show T v = z. Using triangular inequality from Definition 2.4,
.
With the help of Definition 2.11, we can find a t 2 > 0, such that φ(t 2 ) < ǫ 2 . Since y n → z as n → ∞, then there exists m ∈ N for all n > m, such that M (y n , z, φ(t 2 )) > 0. Therefore by the contraction (3.2) we have for n > m,
Proceeding limit as n → ∞, utilizing φ(0) = 0 and continuity of ψ, α ones obtained, (3.13) M (T v, y n , ǫ 2 ) → 1 as n → ∞.
Taking n → ∞ in (3.12), using (3.13) with continuity of ψ, α, and the fact that y n → z as n → ∞ we get, M (T v, z, ǫ) = 1 for every ǫ > 0. It follows that T v = z. Next, we will prove that z is a common fixed point of f and T . Notice that, the pair (f, T ) are weakly compatible therefore f z = f T v = T f v = T z. Now our aim is to show T z = z. Again (3.14) M (T z, z, ǫ) ≥ M (T z, y n , ǫ 2 ) * M (y n , z, ǫ 2 ).
On using the property of φ-function, we can find a t 3 > 0, such that φ(t 3 ) < ǫ 2 . Also y n → z as n → ∞, hence there exists m ∈ N such that for all n > m, M (y n , z, φ(t 3 )) > 0. Then for n > m, 1 M (T z, y n , 
